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ON  BOUNDS  FOR  COMPLEMENTARY  TREES  IN  A  GRAPH 

B Or 

Ilan  Adler 

Consider  the  undirected  network  G  «  (N,a)  where  |N|  *  n+1 
(n  >  3)>  a  =  . . . #aniai# . • • >an}  and  there  are  no  loops  or  repeated 

arcs.  The  pairs  of  arcs  a^;  a^^  (i  =  1,  ...,n)  are  called  complementary 
arcs. 

Let  >f(n)  denotes  the  class  of  all  networks  that  have  the  form  of 
G. 


Definition:  Let  T  be  a  spanning  tree  of  G  (Ge^(n)  for  some 
n,  n  >  3)  if  a^T  iff  a^T  i  =  1, ...,n  then  T  is  called  a 
complementary  tree  of  G. 

G.  B.  Dantzig  in  [1]  proved  that  if  there  exists  one  complementary 
tree  in  G,  Ge>^(n)  (n  >  3),  then  there  exists  at  least  two.  The  proof 
is  by  means  of  an  algorithm  which  finds  a  different  complementary  tree 
from  a  given  one.  This  algorithm  is  described  in  the  first  part  of  this 
report  (Theorem  1).  In  the  second  part  we  show  (using  basically  the 
same  algorithm)  that  if  an  arc  belongs  to  one  complementary  tree  then  it 
belongs  to  at  least  two  (Theorem  2).  This  in  turn  implies  that  if  there 
exists  one  complementary  tree  (in  a  given  network  which  belongs  to  *(»> 
(n  >  3))  there  exists  at  least  four  (Theorem  3)«  Let  denote  by  (n) 
the  class  of  all  networks  G  such  that  Gt?f(n)  and  G  has  at  least 
one  complementary  tree;  by  CQ  the  number  of  complementary  trees  in 
0  (Gc<y(n)),  and  let  C(n)  «  min{C0JOc^(n )). 

Using  these  notations  Theorem  1  Implies  C(n)  >  2  while  Theorem  3 
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implies  C(n)  >  4.  In  the  last  part  three  examples  are  provided  to  show 
that  C(3)  =  4  C(4)  <  6  and  C(n)  <  8  for  n  >  5« 

Theorem  .1:  (Dantsig)  C(n)  >2  (n  >  3)  i.e.,  if  there  exists  one 
complementary  tree  in  G  (Ge7^(n)),  there  exists  at  least  two. 

The  general  idea  in  proving  this  theorem  is  to  pass  from  one 
complementary  tree  to  the  other  by  a  sequence  of  "adjacent"  or 
("neighboring")  trees  which  are  "almost"  complementary. 

Definition:  Two  trees  are  said  to  be  adjacent  or  neighbors  if  they  differ 
by  one  arc. 

Definition:  An  almost  complementary  tree  T  of  G  is  a  spanning  tree 

of  G  such  that  for  some  i  and  i  , : 

n  n-1 

(i)  a  cr  iff  I  /T  J  =  1* •  *n-2 

J  __  J 

(ii)  ai  ,  ai  cT 
n  n 

less  formally,  an  almost  complementary  tree  is  a  spanning  tree  in  which 
each  set  of  arcs  a^,  a"^  furnishes  exactly  one  arc  with  the  exception 
of  one  'special  set.  which  furnishes  two  and  one  other  set  which 
furnishes  none. 

The  procedure  for  generating  a  sequence  of  adjacent  almost -comple¬ 
ment  ary  trees  starting  from  a  given  complementary  tree  and  ending  in  a 
different  one  is  as  follows: 

Step  1.  Arbitrarily  order  the  nodes  in  G  (e.g.,  assign,  arbitrarily, 
the  first  n+1  natural  numbers  to  the  nodes  of  G). 

Step  2:  Orient  each  arc  (i,j)  of  G  as  a  directed  arc  from  i  to 
j  if  i  <  J  and  from  J  to  i  if  J  <  i. 
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Step  2 >■  Assign  the  (arbitrary)  flow  values  a.^  to  all  arcs  (i,j)  in 

0  such  that  a^  >  0  if  (i,j)  belongs  to  the  given  complementary 

tree,  a  ,  a  o  otherwise  (and  a,.  *  -a,.). 

*  J  c  i  l  J 

The  first  four  steps  determine  the  following  network  flow  problem: 

Find  >  0  such  that 

^Xil"  E  x,.  =  b.  ^ 

icUj  J  kcVj  J  J 

where 

bj  =  E  «)  =  l>«»*,n+l 

Uj  *  (j|(i,j)  is  directed  arc  of  G} 

Vj  =  (j|(j,k)  is  directed  arc  of  G) 

It  is  well  known  that  the  arcs  (i,j)  corresponding  to  basic 
variables  form  a  tree.  If  the  feasible  basic  solutions  of  the  network 
flow  problem  are  non-degenerate  and  bounded  then  a  new  feasible  solution 
from  given  another  one  can  be  obtained  by  increasing  sufficiently  the 
flow  on  a  directed  out-of-tree  arc  (i,j)  while  adjusting  the 

flows  on  basic  arcs.  The  arc  dropping  out  of  the  cycle  will  then 
correspond  to  the  unique  basic  variable  whose  value  decreased  to  aero* 
For  the  network  flow  problem  defined  above  boundness  results  from  Steps 
1  and  2  and  non-degeneracy  can  be  guaranteed  by  assigning  (in  Step  3) 
n  different  powers  of  a  >  0  to  the  n  arc  flows  of  the  starting 
complementary  tree. 


Step  h:  Add  to  the  starting  complementary  tree  any  out  of-the-trea  are 


arc  say  (assume  a^  is  in  the  tree). 

Step  5:  Drop  arc  of  the  current  tree  and  determine  the  nev  flow  values 
as  in  the  simplex  algorithm.  If  arc  dropped  is  a^  or  a^  then  the 
tree  is  complementary,  terminate;  if  not  go  to  Step  6. 

Step  6:  Introduce  as  incoming  arc  the  complement  of  the  arc  dropped. 

Go  to  Step  5- 

It  is  shown  in  [1]  that  the  algorithm  terminates  in  finite  number  of 
steps  and  that  the  complementary  tree  ve  arrive  at  is  different  from 
the  starting  one. 

Notice  that  the  orientation  of  arcs  and  the  assignment  of  flow 
values  are  arbitrary.  In  Theorems  2  and  3  it  is  shown  that  choosing  the 
directions  and  the  flows  in  a  more  specific  way  can  extend  the  result 
of  Theorem  1. 

Theorem  2:  If  Tq  =  {a^, ...,anJ  is  a  C.T.  (complementary  tree)  of 

G  then  for  every  i  (1  <  i  <  n)  there  exists  a  C.T.  (say  T^  )  such 

that  a . £T.  and  T,  ^  T  . 
i  l  I  o 

Proof:  Given  TQ  and  a^^  (the  arc  ve  want  to  keep  in  the  second 
complementary  tree)  use  the  same  algorithm  as  in  Theorem  1  with  the 
following  changes: 

Replace  Steps  1  and  3  by  la  and  3a  respectively. 

Step  la:  Index  the  end  nodes  of  a^  by  n  and  n+1,  index  all  other 
nodes,  arbitrarily,  by  1,2, ...,n-l. 
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Step  3a:  Assign  to  a.^  the  flow  value  M  where  M  is  a  positive 

constant  which  is  greater  than  any  finite  number  with  which  it  will  be 

compared  during  the  steps  of  the  algorithm.  Assign  arbitrary  positive 

flow  values  to  all  other  arcs  in  T  and  0  for  all  out  of  T-  arcs. 

o  o 

This  modification  is  within  the  framework  of  Steps  1  and  3,  it 
just  gives  more  specific  directions  to  execute  these  steps,  hence  it 
does  not  effect  the  proof  given  in  [1],  that  a  different  C.T.  T*  is 
obtained  in  a  finite  number  of  iterations.  Let  us  denote  the  ith  A. C.T. 
(almost  complementary  tree)  in  this  path  by  5^,  thus  the  path  has  the 
form: 


m 


T* 


Induction  assumption.  the  flow  value  of  ai  is 

is  greater  than  any  finite  number  with  which  it  will  be  compared 
and  all  other  flow  values  (of  arcs  in  T^)  are  not  a  function  of  M. 

The  induction  assumption  is  trivially  true  for  k  *  0.  Assume  the 
induction  assumption  is  true  for  some  k  (0  <  k  <  m-l).  Let  us 
introduce  the  next  out-of-tree  arc  in  accordance  with  the  algorithm. 

This  arc  together  with  some  arcs  in  T^  form  a  cycle.  If  ai  is  not 
contained  in  this  cycle  then  clearly  the  induction  assumption  holds  for  • 

^k+r 

If  ai  is  contained  in  this  cycle  then  either  the  flow  on  a^ 
is  increasing  or  decreasing  with  increasing  flow  on  the  out-of-tree  arc. 
In  the  first  case  remains  in  the  next  tree  and  its  flow  value 

increases.  In  the  second  case  Steps  la  and  2  guarantee  tha*  there  is  at 
least  one  other  arc  of  which  its  flow  value  decreases  while  the 


where 


flow  value  on  the  out-of-tree  arc  Increases  (Steps  la  and  2  imply  that 
all  arcs  with  end  point  n  have  the  same  direction  as  a^  but  a  cycle 
which  includes  a.^  must  include  at  least  one  other  arc  with  end  point 
in  n).  By  the  simplex  method  the  arc  with  the  smallest  flow  value, 
among  those  in  the  cycle,  which  have  opposite  direction  from  the  out-of- 
tree  arc  drops.  By  the  induction  assumption  and  the  above  argument 
a^^  remains  in  the  next  A.C.T.,  and  its  flow  value  changes  by  a  small 
amount  relative  to  M^.  In  both  cases  the  flow  value  of  any  arc  can 
increase  by  at  most  the  flow  value  of  the  arc  which  is  dropped  hence 
the  induction  assumption  holds  for  k+1. 

*'"  aiC\  k  =  so  ai^m  =  letting  =  T*  completes 

the  proof. 

♦ 

Theorem  3:  c(n)  >U  (n  >  3).  i.e.,  if  there  exists  one  complementary 
tree  In  G  (Gc  ^  (n)),  then  there  exists  at  least  four. 

Proof:  Let  =  {a  ,...,an)  be  a  C.T.  of  G,  then  by  Theorem  2 
there  exists  a  C.T.  T0  such  that  a.cT-  and  T-,  i  T, .  T.  f  T0 
implies  that  there  is  at  least  one  index  k  (2<k<n)  such  that 
akcTp.  Starting  now  with  T^  and  a^  as  the  arc  to  be  kept  in  the 
C.T.  we  get,  by  using  the  modified  algorithm  another  C.T.  (say  T^ ) 
such  that  uk**T,  and  T.  •  T^.  Implying  the  same  technique  for  T„ 
and  a^  we  get  a  C.T.  such  that  and  i  T?.  Clearly 

also  Tu  f  T^,  T*  f  T-  and  i  T, . 

.  .  T,i  T,  and  are  C.T.’s  and  no  two  of  then  are  identical. 

So  far  we  found  a  lower  bound  for  c(n).  Next  we  try  to  provide 
sore  upper  bounds.  In  the  following  three  examples  It  is  shown  that 


o 


complementary  trees:  {a^a^a^};  (a^a^a^);  {a^a^a^).;  {a^a^a^} 


complementary  trees;  {a^a^a  va4}j  (a^a^a,^);  {a^a^a,^); 


Example  3: 


complementary  trees: 

{ Wa3,a4,a5>  •  •  •  'an_l,an); 

{a  1»a2#«3»«jt#a5#  •  •  ^an-l,an5 ; 

{aj  ^a2^a5^ai4-,a5>  *  *  *  ,an-l,an^ 
(aj ^a2^ a3»'iii^a5^  *  *  *>an-i'an^ 


{ara2,a5,at4,a5,...,an_1,an) 

lal'a2'a3,Va5,",,an-l,an) 

[a^>a2>a$>ak'a5’  •  •  •  »an-l,an) 
[a1>a2>*}>au>a<jt  *  •••»an-i»anJ 


8 


References 


1.  Dantzig,  G.  B.,  Complementary  Spanning  Trees,  Computer  Science 
Department,  Stanford  University,  Technical  Report  No.  126, 
March  1969* 


9 


t 


Security  Clocsificatfoa 


DOCUMENT  CONTROL  DATA 

•  RAO 

(SteuHtr  clmlffMtfw  A 1  HMa.  W#  a 1  it.lwM  md  IrSa.K  araaAaWaa  amI 

I.  OAICIMATINO  ACTIVITY 


Department  of  Operations  Research 

Stanford  University 

STANFORD,  California  94305 


Unclassified 


I  NEROST  TITLE 


On  Bounds  for  Complementary  Threes  in  a  Graph 


«■  OESCNIRTIVE  NOTES  (Typa  N 

Technical  Report 


S  AUTNOHW  flMl  MM  (Ml  M 


ADLER,  I lan 


S-  HtROUT  DATE 

December  1969 


U  CONTRACT  OR  (RANT  NO. 

N-00014-67-A-0112-0011 

A  RNSJSCT  NO. 

NR-047-064 


7a.  totaa  we.  ee  races  h  we-  or  i 
9  1 


•A  oiw  ARIA  TOWS  R CROAT  WWMOCRfft 

Technical  Report  No.  69-13 


IS  A VAILASILITV/LIMiT AVION  NOTICES 


This  document  has  been  approved  for  public  release  and  salat  it*  distribution 
Is  unlimited. 


II.  SURRLEMtNTARV  NOTES 


II  A i.ilrACT 


II.  IlftiliilMA  MUJTill  ICTMTI 

Logistics  6  Mathematical  Statistics  Branch 
Me  these  t  leal  Sciences  D1  via  lea,  OKR 
Washington,  D.C.  20306 


Consider  tie  undirected  network  G  •  (R,a)  where  |ll|  •  e*l,e  •  (a.,..., a  , 
al'**"anl  "  ‘  Ji  *nd  there  ere  no  loops  or  repeated  arcs.  Let  1  * 

r{n)  denote  the  class  of  all  networks  that  haws  the  form  af  C. 

A  complementary  tree  of  C  (Gcn(n)  for  soma  «  £  J)  la  a  ap—  lag  tree  af  C 
with  the  property  that  a,  e  T  Iff  i.  ^  T, 

It  was  shown  elsewhet.-  (D.n.tzlg  f  1  J)  that  If  there  exits  ana  coaplamsatary  tree 
in/.G  (Gcn(n))  then  there  exists  at  least  two.  The  proof  there  is  by  means 
of  an  algorithm  which  finds  s  different  cooplamantary  tree  from  a  gives  erne.  U 
is  shown  In  this  paper  that  using  an  extended  form  of  Daotslg's  algorithm  cam 
lead  to  a  stronger  result <  if  tiers  exists  one  coaplamsatary  tree  la 
C  (G  c  n(n>)  then  there  exists  at  least  four.  Also  some  examples  are  provided 
to  establish  an  upper  bound  on  the  smallest  number  of  complementary  trees  In  o 
network  G(Grn  (n))  which  has  at  least  one  complementary  tree. 


;  ;  .  form  1  /'7? 

U  J  •  JAN  AA  I  •  .  J  W 


Unclassified 


Secsrity  Clasalflcattoa 


entity  Clfl'.rmcaliM 


KCV  e0*04 


Coaplcnentary  Tree 
Graph 

Network 

Simplex 

Tree 


L  orkhnatino  activity:  emmiw 


Ihii  activity  «  eth*v  MtmlnliM  ft <ewM 


h  BKroftT  excuirrv  CLAsstncATKNe  taaiMw 
■II  MCMttr  clNtl(lrMa«  af  the  mat  Indicate  akMhac 
“Raetrl  1*4  Oa»M  la  iarlwdet  Mallw  la  ta  ha  In  Maai 
— TT  (111  iffityriM  aacartty  (apalatiaaa. 

II  OHOWi  Aetna*  at  le  lawyaAs  la  apaciflad  la  DaO  Dl- 
tactlva  IM 10  aad  Arad  Korea*  ladeatrlal  Natal  Tata* 
•he  (tea*.  ■ uaCm  Alt*,  «t»«  ayplicabl*  ahaat  that  afltaial 
Marti  at*  Im«  I***  ««4  la*  bin*  )  aal  Creep  4  a* 

Mi 

X  MfOftT  TTTt  f.  ran  tha  cantata  rrpan  tMa  la  all 
capital  IrtlM*.  Title*  la  all  caaea  aball  ha  •aclaatMa* 

N  a  ■Mcui'h!  tela  caanat  ha  wMtl  wtlhael  rtaaatn**. 
imx  ahaw  tMla  clatuf  xatlea  ta  ail  capital*  la  taiehuli 
laa»Ae«l»  Wlaalr;  tha  till*. 

4.  DLSCVIPTIVI  rorts  It  «ryr»r*ta*a.  »Mh  th*  Ipa  af 
tryert.  at,  Irtirta,  a  **«»*■**.  aa— *1.  a*  (tael. 

Ola*  th#  lulntia  date*  ala*  a  ayeckfic  HfHl«t  patted  la 
aaa* ved. 

V  AUTHORS*  te«  Ik*  a«»r<a)  af  *ath»<»)  aa  ahaaa  aa 
•<  ta  th#  tryart.  ten  Uvt  ua*,  lent  »»■«,  a04Jta  laMlat 
If  ailManr.  ehkw  **-  '  aal  branch  af  HiiUa  The  ktaa  af 
the  principal  •  aha*  ta  aa  ahaulala  MlnU—M  itpiinnrat 

4k  Rf  1*01  T  DATE.  LMti  tf»  dale  af  tha  i«p«»t  aa  day, 
■MX  year,  a*  a*eS  yaa*  If  aa*  thaa  aaa  data  appeal* 
a*  tha  »«#*rt.  aaa  date  af  pCklueiak 

la  TOTAL  mraiEJI  OR  RAOI*  TW  Mil  pa<*  taaat 

•  t*|i|  fillte  **ni*l  **tlarll**ftar*A*t«,  La,  *****  tha 

•  aha*  *1  paean  cewelninj  l*f»ti<eltA 

H.  NWianj*  Of  LKTCRKNCE*  tw.i  thatatal  —A a*  af 

•  fataarc*  Chad  In  th*  lil>*e. 

•a  CONTRACT  OR  CHANT  HUVURk-  If  *py*«p*tal*,  aal  a* 
tha  appllcaM*  aet.hr*  af  tha  centred  a*  p«*  aad a*  adtlch 
th*  t  apart  »ji  witlnk 

II,  hr.  A  to.  nrOJKCT  NUlMOt  Eatrr  tha  apprapHett 
military  •lrp*»tewnt  Idtntlflcattaa,  awb  a*  yi*|#cl  aamhat, 
•*lfa|Kl  eunjbat,  ayaiaai  — mbat*.  ia«k  —aha*,  ate. 

fa  ORIGINATOR'S  HLPOHT  NVMOCMOr  Tala*  Iha  afR. 
dal  rt|Kit  n un.be*  by  which  tha  dactta.aat  will  he  Idea* died 
aad  cat trulird  by  th*  etl«lnatlnt  activity.  Thla  aaaha*  awiat 
ha  urj*u*  ta  thla  report. 

tl.  OTItIR  RH'ORT  NUMDCIdS):  If  Iha  r*pe*t  ha*  haaa 
aaalcned  any  athet  report  number*  (air Aar  hy  the  atfdtaafa* 

•*  hy  Iha  4>anao*X  alaa  aatrr  Ilea  auabatfa). 

10.  A  V  AIL  AIXLITY/ LIMITATION  NOTICE*  Kata*  any  II— 
llatlona  on  fiathat  diataaiinailoa  of  iha  tapott,  other  than  that 


DO  /r„  1473  (BACK) 


htrt  arlU  ha  fallowed  hy  aa  hkdkcatlaa  af  technical 
Iha  aaaipaaaat  af  liaha,  ralaa,  aad  aral^ea  la  apt 


_ Unclaimed 

Security  Classification 


